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ABSTRACT

Let R be a ring with identity, (S,<) an ordered monoid,
w:S > End(R) a monoid homomorphism, and A = R[[S, w]]
the ring of skew generalized power series. The concepts of
semi-Baer and semi-quasi Baer rings were introduced by
Waphare and Khairnar as extensions of Baer and quasi-Baer
rings, respectively. A ring R is called a semi-Baer (semi-quasi
Baer) ring if the right annihilator of every subset (right ideal) of
R is generated by a multiplicatively finite element in R. In this
paper, we examine the behavior of a skew generalized power
series ring over a semi-Baer (semi-quasi Baer) ring and prove
that, under specific conditions, the ring A is semi-Baer (semi-
quasi Baer) if and only if R is semi-Baer (semi-quasi Baer).
Also, we prove that if f is a multiplicative finite element of A,
then f (1) is a multiplicative finite element of R and determine

the conditions under which f = c(qy.
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1. INTRODUCTION

Throughout this paper, R denotes an associative ring with identity, and 1x(S) =
{a € R|sa = 0, for all s € S} is the right annihilator of a nonempty subset S in R.
The notion of Baer rings was introduced by Kaplansky in 1955 [8]. Five years later,
Maeda [12] defined Rickart rings and Hattori [6] introduced the notion of a right PP rings
and it was later shown that the two concepts are equivalent. According to Chase [4] the
PP ring notion is not left-right symmetric. Later in 1967 Clark introduced the concept of
quasi-Baer rings [5]. By virtue of [8, Theorem 3] and [5, Lemma 1], the definitions of
Baer and quasi-Baer rings are left-right symmetric. Hence, Brikenmeier introduced the
concept of right principally quasi-Baer (right p.g. Baer) rings as a generalization of quasi-
Baer rings (see [3]). The notion of a right p.q. Baer ring is not left-right symmetric, but
if R is a semiprime ring, R is right p.q. Baer if and only if R is left p.q. Baer [3,
Corollary 1.11].

In 2004, Lee and Zhou [10] introduced the concepts of Baer modules, PP modules,
quasi-Baer modules, and p.q. Baer modules as extensions of Baer rings, PP rings, quasi-
Baer rings, and p.q. Baer rings, respectively. As a generalization of Lee and Zhou’s
concepts, Waphare and Khairnar [26] introduced the notions of semi-Baer modules, semi-

PP modules, semi-quasi-Baer modules, and semi-p.q. Baer modules.

In 1974, Armendariz seems to be the first to consider how a polynomial ring behaves
over a Baer ring by proving that: If R is a reduced ring, then R[x] is a Baer ring if and
only if R is a Baer ring [2, Theorem B]. In 2005, Salem investigated how the generalized
power series ring behaves over a Baer ring and showed that, under certain conditions the
ring of generalized power series A = R[[S]] is Baer if and only if R is Baer [25,
Theorem 3.5]. Paykan and Moussavi extended these results by studying the relation
between the Baer (quasi-Baer) properties of a ring R, and its skew generalized power
series extension R[[S, w]] [18, Theorem 2.11 and Theorem 2.17].

Inspired by those previous works, we examine the behavior of a skew generalized

power series ring over a semi-Baer (semi-quasi Baer) ring and investigate the conditions
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under which a ring of skew generalized power series R[[S, w]] is semi-Baer (semi-quasi
Baer) whenever R is semi-Baer (semi-quasi Baer) and vice versa. Also, in the context of

multiplicatively finite elements we generalize [17, Proposition 3.2].

2. Preliminaries

In this section, we present some definitions and results that will be helpful in the
sequel.

Definition 2.1 ([8]). A ring R is called Baer if the right annihilator of every nonempty

subset of R is generated by an idempotent.

Definition 2.2 ([5]). A ring R is called quasi-Baer if the right annihilator of every right

ideal of R is generated by an idempotent.

In [26], Waphare and Khairnar introduced the concepts of a multiplicative order of an
element and a multiplicatively finite element in rings as follows:

Definition 2.3. Let R be a ring with identity, a € R a nonzero element,and S ={a’|0<
t <oo}.If S is finite, then the smallest positive integer k such that a®* = a™ for some
0 <m < k is called a multiplicative order of the element a. If S is infinite, then the

multiplicative order of a is infinity.

An element a € R is called multiplicatively finite if the multiplicative order of a is
finite. Consequently, idempotents of a ring are multiplicatively finite elements of order 2.

We assume multiplicative order of 0 to be 0.

Definition 2.4 ([26]). Aring R is called a semi-Baer (semi-quasi Baer) ring if the right
annihilator of every subset (right ideal) of R is generated by a multiplicatively finite

element in R.

Clearly, every Baer (quasi-Baer) ring is semi-Baer (semi-quasi Baer). However, the

converse is true if the ring is reduced (see [26, Theorem 2.4]).

Lemma 2.5 ([26, Lemma 2.1]). An element b € R is multiplicatively finite if and only
if there exists i € N such that (b*)? = b'.
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Further properties of semi-Baer (semi-quasi Baer) rings can be found in [16] and [26].

Definition 2.6 ([1]). An endomorphism ¢ of a ring R is called compatible if for all
a,b €R, ab =0 ifandonlyif ao(b) = 0.

Definition 2.7 ([9]). An endomorphism o of a ring R is called rigid if for every a € R,
ad(a) =0 ifandonly if a = 0.

Let R be a ring, (S,<) a strictly ordered monoid, and w:S = End(R) a monoid
homomorphism. As in [14], aring R is S-compatible (S-rigid) if w, is compatible (rigid)

forevery s € S.

3. Skew Generalized Power Series Rings

The construction of generalized power series rings was considered by Higman in [7].
Paulo Ribenboim studied extensively in a series of papers (see [20]-[24]) the rings of
generalized power series. In [15] Mazurek and Ziembowski generalized this construction

by introducing the concept of the skew generalized power series rings.

An ordered monoid is a pair (S, <) consisting of a monoid S and a compatible order
relation < such that if u < v, then ut < vt and tu < tv foreacht € S. (S, <) is called
a strictly ordered monoid if whenever u,v € S suchthat u < v (i.e., u < vandu # v),
then ut < vt and tu <tv for all t € S. Recall that an ordered set (S, <) is called
artinian if every strictly decreasing sequence of elements of S is finite, and (S, <) is
called narrow if every subset of pairwise order-incomparable elements of S is finite.
Thus, (S,<) is artinian and narrow if and only if every nonempty subset of S has at

least one but only a finite number of minimal elements.

LetR be a ring, (S,<) a strictly ordered monoid, w:S —» End(R) a monoid
homomorphism, where w, denote the image of s under w, foreachs € S, that is
ws = w(s), and A thesetof all maps f: S — R suchthat supp (f)={s€S: f(s) #
0} is an artinian and narrow subset of S. Under pointwise addition A is an abelian

subgroup of the additive group of all mappings f : S - R.Foreverys e Sand f,g € A
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the set X,(f,g9) = {(u,v) €S X S:uv =5, f(u) # 0, g(v) # 0} is finite by [21, 4.1].
Define the multiplication for each f,g € A by:

f9(s) = Xwvyex (r.9) f Wy (g(v)). (By convention, a sum over the empty set is 0).
With pointwise addition and multiplication as defined above, A becomes a ring called the
ring of skew generalized power series whose elements have coefficients in R and
exponents in S. For each r € R and s €S one can associate the maps c,,e; € A
defined by:

(T if x =14 _[ 1g ifx=s
cr(x) { 0 otherwise ' es(x) { 0 otherwise

It is clear that r — ¢, is a ring embedding of R into A and s — e; IS a monoid
embedding of S into the multiplicative monoid of A and esc, = ¢, (- es. Moreover,
the identity element of A isamap e: S - R defined by e(15) = (1z) and e(s) =0
for each s € S\{1,}.

Let R be a ring and o an endomorphism of R. The construction of the skew
generalized power series rings generalizes many classical ring constructions such as the
skew polynomial rings R[x,c] if S =N U {0} and < is the trivial order, skew power
series rings R[[x,o]] if S=N U {0} and < is the natural linear order, skew Laurent
polynomial rings R[x,x % 0] if S=Z and < is the trivial order where o is an
automorphism of R, skew Laurent power series rings R[[x,x~1; o]] if S = Z and < is the
natural linear order where ¢ is an automorphism of R. Moreover, the ring of polynomials
R[x], the ring of power series R[[x]], the ring of Laurent polynomials R[x,x~1], and the
ring of Laurent power series R[[x,x~1]] are special cases of the skew generalized power
series rings, if we consider o to be the identity map of R.

Recall that a ring R is said to be (S, w)-Armendariz if whenever fg =0 for f,g €
R[[S, w]], then f(s).ws(g(t)) =0 forall s,t € S (see [14, Definition 2.1]). If we let w
to be the identity homomorphism, then R is said to be S-Armendariz if whenever
f,g € R[[S]] (the ring of Generalized power series) satisfy fg = 0,then f(u)g(v) =0

for each u,v € S (see [11]). If we let S = N and the order < is trivial, then R is said to be
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Armendariz if whenever polynomials f(x) = YXZqa;x', g(x) =X bix/ € R[x]

satisfy f(x)g(x) = 0, then a;b; = 0 for every i and j (see [19]).

4. Main Results

For an element f € R[[S,w]], let m(f) denote the set of minimal elements of
supp (f). If (S, <) istotally ordered, then m(f) consists of only one element.
Definition 4.1([13]). An ordered monoid (S, <) is said to be quasitotally ordered (and <
is called a quasitotal order on S) if < can be refined to an order < with respect to which

S is astrictly totally ordered monoid.
An ordered monoid (S, <) is called positively ordered if 1 is the minimal element of S.

Lemma 4.2. Let R be a ring, (S,<) a positively quasitotally ordered monoid, and
w:S = End(R) a monoid homomorphism. Set A = RJ[[S,w]] the ring of skew
generalized power series. If f is a multiplicative finite element of A, then f(1) is a

multiplicative finite element of R.

Proof. Since f is a multiplicative finite element of A = R[[S, w]], there exists n € N
such that ((f)™)? = (f)™ (see Lemma 2.5). By hypothesis, the order < can be refined
to a strict total order < on S. Consequently, there exists s, € supp(f) such that s, is a
minimal element of supp(f) under the total order <. If s, # 1, then s, > 1 and
£ (1) = 0 which implies that ((f(1))™)? = (f(1))™ = 0. That is f(1) is a multiplicative
finite element of R. If s, = 1, then we have (f)™(1) = ((f)™)?(1) where,

DROE D )0 () 0u, (@) e Gy, )

(ulfuZ'"' un)exl(f'f:---’f)

If at least one of u; > 1, then 1 = u;.uy.u3...u; ... u, > 1 which is a contradiction.

Thus, u; = u, = uz ... = u, = 1. Therefore,

(™MD = fFDwi(f(D)w; (f(D) - w1(f(1)).
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Since w:S - End(R) is a monoid homomorphism, then we get ()™(1) = (f(l))n.
Hence (f(l))n = ((HAM?*(D) = ((f(l))n)z. That is f(1) is a multiplicative finite

element of R.

Proposition 4.3. Let R be a ring, (S, <) a positively quasitotally ordered monoid, and
w:S = End(R) a monoid homomorphism. Set A = R[[S,w]] the ring of skew

generalized power series.
(1) If A issemi-Baer, then R is semi-Baer.

(2) If R is an S-compatible ring and A is semi-quasi Baer, then R is semi-quasi

Baer.

Proof. (1) Let X be a non-empty subset of R. Then B = {c,:x € X} is a non-empty
subset of A. Since A is semi-Baer, there exists f € A such that r,(B) = fA with
((FH™? = (/)™ for some n € N. Since (§,<) is a quasitotally ordered monoid, the
order < can be refined to a strict total order < on S. Lemma 4.2 implies that (1) is a
multiplicative finite element of R. We want to prove that rz(X) = f(1)R. Since
fEeryB), then ¢, f=0 forall ¢, €B. Thus 0= (cy f) (1) = (1) w1 (f(1)) =
¢, (Df() = x f(1) forall x € X. Hence f(1) € rz(X), which implies that f(1)R <
rr(X). On the other hand, if a € rg(X), then (ccr)(1) = c,,(Dw4(c (1)) =
cx(Dcy(1) =xa=0 forall x€X. Thus cyc, =0 forall x € X which implies
that ¢, € r,(B) and ¢, = fg forsome g€ A. Now, a=c,(1)=((fg)() =
f(1) w1(g(1)) € f(DR. That is rx(X) € f(1)R, which follows that rx(X) = f(1)R.

Hence, R is asemi—Baer ring.

(2) Let I be aright ideal of R. Then I[[S,w]| ={f € A| f(s) €I for any s € S}
is a right ideal of A. Since A is semi-quasi Baer, there exists f € A such that
r (I[[S, w]]) = fA with ((f)™)? = (f)" for some n € N. Since (S, <) is a quasitotally
ordered monoid, the order < can be refined to a strict total order < on S. Lemma 4.2
implies that £ (1) is a multiplicative finite element of R. We want to prove that rz(I) =
f(DR. Since fer,([[S, w]]), then gf =0 for all g €I[[S,w]]. Since ¢, €
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I[[S,w]] for all x € I, we have c,f = 0. Consequently, (c,f)(1) = 0 which implies
that x f(1) = 0 forall x € I. Hence, f(1) € rg(I), which implies that f(1)R < rx(I).
On the other hand, if a € rz(I), then ia=0 forall i€l. Since g(s) €l for all
g €IS, w]] and s € S,we have g(s)a =0.Since R is S-compatible, we have
(gca)(s) = g(s)ws(cy (1)) = g(s)ws(a) =0 for all s €S. which implies that ¢, €
ra(I[[S,w]]) and ¢, =fg forsome geA.  Now, a=c,(1)=(fg)()=
f(1) w1(g(1)) € f(R. That is rzx(I) < f(1)R, which follows that rz(I) = f(1)R.

Hence, R is asemi-quasi Baer ring.

Proposition 4.4. Let R be a S-compatible (S, w) Armendariz ring, (S, <) a quasitotally
ordered monoid, and w:S = End(R) a monoid homomorphism. Set A = R][[S, w]] the

ring of skew generalized power series.
(1) If R is asemi-Baerring, then A is semi-Baer.
(2) If R is asemi-quasi Baer ring, then A is semi-quasi Baer.

Proof. (1) Let B be a non-empty subset of A. Then U= {f(s): f € B, s € S} isanon-
empty subset of R. Since R is semi-Baer, there exists b € R such that 1z (U) = bR with
((b)™?% = (b)™ for some n € N . Therefore, ¢, is a multiplicatively finite element of A.
We want to prove that r,(B) = c,A. Since b € rx(U), it follows that f(s)b = 0 for all
f(s) €. Thus, f(s)cy(1) = 0. Since R is S-compatible, then
(fep)(s) = f(s)ws(cp (1)) =0 for all s €eS. Thus ¢, € ry(B) which implies that
cpA S 1,(B). Now, let f €ery(B). Then gf =0 forall g€ B.Since Risa (S, w)
Armendariz ring, we get g(w)w,f(v) =0 for all u,v €S. Moreover, since R is S-
compatibe, we have g(u)f(v) =0 forall u,v€S. Thus f(v) € rzx(U) = bR for all
v € S. Therefore, for all v € S there exists r € R such that f(v) = br = (cpcre,) (V).
Thus f = cyce,, which implies that f € c,A. That is 14(B) < c,A, which follows

that r,(B) = c,A. Hence, A is asemi-Baer ring.

(2) Let J bearightideal of A.Foreveryse S,set J;={f(s):f€J, s€S},and
J* =Uses Js. Let I be the right ideal generated by J*. Since R is semi-quasi Baer, there
exists b € R such that rz(I) = bR with ((b)")? = (b)" for some n € N . Therefore, ¢,
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is a multiplicatively finite element of A. We want to prove that 14(J) = c,A. Since
b €rg(l), we have ib =0 forall i €l.Since g(s) el forall geJ and s € S, we
have g(s) b = 0. Thus g(s)c,(1) = 0. Since R is S-compatibe, we have (gc,)(s) =
g(s)ws(cy(1)) =0 forall s€e€S. Thus ¢, €ry(J) which implies that c¢,A S r,(J)).
Now, let f € r,(J). Then gf =0 forall g €].Since R is a (S, w) Armendariz ring,
we get g(w)w, (f(v)) =0 forall u,v € S. Moreover, since R is S-compatibe, then we
have g(u)f(v) =0 forall u,v €S. Thus f(v) € rgx(I) = bR forall v € S. Therefore,
for all v €S there exists r € R such that f(v) = br = (¢ycre,)(v). Thus f =
cpCrey , Which implies that f € ¢,A. Thatis r,(J) S cpA, which follows that ,(J) =

c,A. Hence, A is asemi-quasi Baer ring.

From Proposition 4.3 and Proposition 4.4 we have the following:

Theorem 4.5. Let R be a S-compatible (S, w)Armendariz ring, (S,<) a positively
quasitotally ordered monoid, and w:S - End(R) a monoid homomorphism. Set
A= R[[S, a)]] the ring of skew generalized power series. Then A is semi-Baer (semi-

quasi Baer) ring if and only if R is semi-Baer (semi-quasi Baer).

Corollary 4.6. Let R be a S-Armendariz ring and (S, <) a positively quasitotally
ordered monoid. Set A = R[[S]] the ring of generalized power series. Then A is semi-

Baer (semi-quasi Baer) ring if and only if R is semi-Baer (semi-quasi Baer).

Corollary 4.7. Let R be an Armendariz ring. Then R[x] and R[[x]] are semi-Baer

(semi-quasi Baer) rings if and only if R is semi-Baer (semi-quasi Baer).

The following result generalize [17, Proposition 3.2].

Proposition 4.8. Let R be a ring, (S,<) a quasitotally ordered monoid, and w:S -
End(R) a monoid homomorphism. Assume that R is S-rigid. If f is a multiplicative finite

element of R[[S, w]], then f(1) is a multiplicative finite element of R and f = ¢z (.

Proof. Since f is a multiplicative finite element of R[[S, w]], there exists n € N such
that ((f)™? = (f)™ (see Lemma 2.5). Since the order < can be refined to a strict total

order < on S, it follows that there exists u, € supp(f) such that u, is a minimal
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element of supp(f) under the total order < which implies that ug is the minimal
element of supp(f™). For any (u,v) € Xomz(f™ f™), ug < u, ug <v. If ug <y,
since < is a strict order, (u)? < uul <uv = (ul)? a contradiction. Thus u = uf.

similarly, v = ug. Hence

™M We)* = Zwmex po¢rm [T W0 (W) = frudwyy (F"wg)).  (4.1)

Assume that u, < 1. Since < is a strict order relation, it follows that (u{)? < ug.
Hence, the minimality of supp(f™) implies that f™(uf)? = 0. From ((f)™)? = ()"
and equation (4.1) we infer that f™(ug)w,»(f™(ug)) = 0. Since R is S-rigid, we obtain
f™(uy) = 0, which contradicts the fact that ug is a minimal element of supp(f™).

Hence, uy > 1.

Suppose that there exists sy > 1 such that f™(sg) # 0. Assume that s{ is the
smallest with the condition under the total order <. Therefore, f*(s) =0forall 1 <s <
sg. From ((f)™)? = (f)", it implies that

((HM*M) = (O and (H"(sg) = (N (s wszp((H™D) + (N D™ (s).
Since (f)™(1) is an idempotent element of the ring R, from [17, lemma 3.1(1)], we infer

(F)"(sg) = (O (sH(H™ D) + (O W)™ (sg). (4.2)
Multiplying equation (4.2) on the left by (f)™(1) we have
F" DA™ (sg) = "W)™ (sg)(H™ (D) + (H* (D)™ (s¢)-

Thus (H™(DO(sHH™(1) = 0. Multiplying on the left by (f)"(s§) we get
((O™sHH™(1))? = 0 and since R is reduced, ()™ (sP)(F)™(1) = 0. Substituting in
equation (4.2) we get (f)"(sg) = 0, which is a contradiction. Consequently, we have
f(s) =0 forall s € S\{1}. Thus f = cs(y) as desired.
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