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INTRODUCTION 

Throughout this paper, 
1 2( , , )X     and 

1 2( , , )Y     (or simply X and 

Y) always mean bitopological spaces (or simply spaces) on which no 

separation axioms are assumed unless explicitly stated. Also, , 1,2i j    and

i j . Let A be a subset of a space
1 2( , , )X   . The closure of A and the 

interior of A in the topological space ( , )iX   are denoted by ( )i Cl A   and

( )i Int A , respectively. We write i   open (resp. i closed) set to mean 

that the set is open (resp. closed) in the topological space( , )iX  . A subset A 

of a space 
1 2( , , )X    is said to be ij   regular open (resp. ij  regular 

closed) [12] if  ( ( ))A i Int j Cl A    (resp. ( int( ))A i Cl j A    ). The 

collection of all ij  regular open sets form a base for a topology *
i  is 
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coarser than 
i [10]. The bitoplogical space * *

1 2( , , )X    is called the semi-

regularization of
1 2( , , )X   . If *

i i    , then 
1 2( , , )X    is said to be 

pairwise semi regular. The ij    interior [10] of a subset A of a space X is 

the union of all ij   regular open sets of X contained in A and is denoted by

( )ij Int A  . The subset A of X is called ij    open if 

( )A ij Int A    ,i.e., a set is ij  open if it is the union of ij   

regular open sets. The complement of an ij  open set is called ij  

closed. A point p X  is in the ij    closure of A [1] if  

( ( ))i Int j Cl U A     for every 
iU   and p U . The set of all 

ij    closure points of A is denoted by ( )ij Cl A  . Obviously A is 

ij    closed if and only if ( )A ij Cl A   . The family of all ij  

open sets forms a topology on X denoted by 
i   [10]. It is well known that 

*
i i   [10]. A subset A of X is called ij   semiopen [ 2 ] (resp. ij    

open [ 5 ], ij   preopen [5  ]) if ( ( ))A j Cl i Int A   (resp.

( ( ( )))A i Int j Cl i Int A    , ( ( ))A i Int j Cl A    ). The complement 

of a ij   semiopen (resp. ij    open, ij   preopen) set is called ij   

semiclosed (resp. ij  closed, ij   preclosed).  

In this paper we introduce and study ij g s closed sets and 

study some of its properties and its relations with other kinds of generalized 

closed sets in bitopological spaces. Using these sets we obtain a 

characterization of pairwise 
3
4

T  spaces. Also we introduce the concepts of 

pairwise g s continuous and pairwise g s irresolute functions. Finally 

we define the concept of pairwise g sc   homeomorphism and prove that 

the set of all pairwise g sc homeomorphisms from ),,( 21 X  onto itself 

has a group structure under the composition. 

2. ij  Semi open sets.  

Definition 2.1. A subset A of bitopological space ),,( 21 X   is called ij

semi open if there exists an ij open set U such that )(UCljAU  . The 

complement of a ij semi open set is called ij semiclosed.  
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A point x X is called a ij semi cluster point of A if A U    for 

every ij semi open set U of X containing x. The set of all ij semi 

cluster points of A is called the ij semi closure of A and is denoted by

( )ij sCl A  . The collection of all ij semi open (resp. ij semiclosed) 

sets of X will be denoted by ( )ij SO X  (resp. ( )ij SC X ).  

A subset U of a space X is called ij  semi neighborhood (briefly, 

ij  -semi nbd) of a point x in X if there exists a ij  semi open set V such 

thatx V U  . 

Lemma 2.2. The union of arbitrary collection of ij semi open sets in 

),,( 21 X  is ij semi open. 

Proof: Since arbitrary union of ij open sets is ij open [6 Lemma 2.2], 

the result follows directly. 

Lemma 2.3. The intersection of arbitrary collection of ij semiclosed sets 

in ),,( 21 X  is ij semiclosed. 

Proof: Follows directly by Lemma 2.1. 

Corollary 2.4. For a subset A of a bitopological space ),,( 21 X , we have 

( ) { : ,ij sCl A F A F    ( )}F ij SC X  . 

Corollary 2.5 For a subset A of a bitopological space ),,( 21 X , we have 

( )ij sCl A  is ij semiclosed, that is ( ( ))ij sCl ij sCl A    ( )ij sCl A . 

Lemma 2.6. For subsets A, B and ( )
k

A k I  of a bitopological space ),,( 21 X , 

the following hold 

(1) ( )A ij sCl A  . 

(2) ( ) ( )A B ij sCl A ij sCl B      . 

(3) { ( )}( )
k kk k

ij sClij sCl A A    . 

(4) { ( )}( )
k kk k

ij sClij sCl A A     . 

(5) A is ij semiclosed if and only if ( )A ij sCl A  . 

Recall that a subset A of a bitopological space 
1 2( , , )X    is called ij g   

closed [ 3 ] (resp. ij gs   closed [ 8 ])  if ( )j Cl A U  (resp. 
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( )ji sCl A U  )   whenever A U  and U is i   open in X. Now, we 

introduce the following concepts. 

Definition 2.7. A subset A of a bitopological space 
1 2( , , )X    is called: 

(1) ij gs  closed, if ( )ji sCl A U     whenever A U  and U is 

ij    open in X. 

(2) ij g   closed, if ( )ji Cl A U     whenever A U  and U is i   

open in X. 

(3) ij g   closed, if ( )j Cl A U    whenever A U  and U is ij    

open in X. 

(4) *ij g   closed, if ( )ji Cl A U     whenever A U  and U is 

ij    open in X. 

The complement of a ij g  closed (resp. ij gs   closed, ij gs   

closed) set is called ij g  open [3] (resp. ij gs   open [8], ij gs   

open). 
 

3- ij g s  closed sets 

Definition 3.1. A subset A of a bitopological space 
1 2( , , )X    is said to be 

ij g s  closed if ( )ji sCl A U     whenever A U  and U is i   

open set in X. 

Remark 3.2. For a subset of a bitopological space, from definition we have 

the following diagram of implications 
 

ji    

closed 

  ij g   

closed 

  *ij g   

closed 


 

ij g 

 closed 

     
 

    
 

   
  

ji  

semiclosd 

 

ij g s 

 closed 

 

ij gs 

 closed 

  

 

Where none of these implications is reversible. 

Definition 3.3. A bitoplogical space 
1 2( , , )X    is called a pairwise partition 

space if every i   open set is j   closed.  

Theorem 3.4. For a subset A of a partition space 
1 2( , , )X    the following 

are equivalent: 
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(a) A is ij g   closed. 

(b) A is *ij g   closed. 

(c) A is  ij g s  closed. 

(d) A is  ij gs  closed. 

Proof: Straightforward. 

Next example shows that even a j   closed set in a space 
1 2( , , )X    need 

not be ij g s  closed. 

Example 3.5. Let { , , , , }X a b c d e , 
1{ , ,{ },{ },{ , },X a c b c   { , },{ , },a c c d   

{ , , },{ , , },{ , , },{ , , },{ , , , },{ , , , },a b c b c d c d e a c d a b c d a c d e  { , , , }}b c d e  and 

2 { , ,{ },{ },{ },{ , },{ , },{ , },X a e d a d a e d e  { , , },{ , , },a c d b d e  

{ , , },{ , , , },{ , , , }}a d e a b d e a c d e . Then { , }a b   and { }a   are 1  closed sets but 

not 21 g s   closed sets. 

Lemma 3.6. Let A be a subset of a pairwise semi regular space 
1 2( , , )X   . 

Then ( ) ( )ji sCl A ji sCl A    . 

Proof: Follows from the fact that in a pairwise semi regular space, a set U is 

i   open if and only if it is ij    open.  

Definition 3.7. A bitopological space 
1 2( , , )X    is called pairwise 

dT  (resp. 

pairwise 
bT ) if every ij gs closed set is ij g   closed (resp. j   

closed). 

Theorem 3.8. Let A be a subset of a pairwise semi regular space
1 2( , , )X   , 

then 

(1) A is ij g s closed if and only if A is ij gs closed. 

(2) If, in addition, 
1 2( , , )X    is 

bij T  (resp.
dij T ), then A is ij g s   

closed if and only if A is j   closed (resp. ij g  closed). 

Proof: Follows directly by Lemma 3.6 and Definition 3.7 above. 

Theorem 3.9. For a space
1 2( , , )X   , the following are equivalent: 

(1) Every i   open set of X is ji    semiclosed. 

(2) Every subset of X is ij g s  closed. 

Proof: (1)  (2): LetA U , where U is i   open and A is an arbitrary 

subset of X. By (1), U is ji    semiclosed, and thus

( ) ( )ji sCl A ji sCl U U       . Hence A is ij g s   closed. 
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(2)  (1): If U X  is i   open, by (2), ( )ji sCl U U   or equivalently 

U is ji    semiclosed.   

Remark 3.10. Finite union or intersection of ij g s closed sets need not 

be ij g s closed. 

Example 3.11. Let 
1 2( , , )X    as in Example. 3.5, then { , }a b  and { , }a c  are 

12 g s closed sets but { , } { , } { }a b a c a  is not 12 g s closed. 

Theorem 3.12. Let A be a subset of a bitopological space
1 2( , , )X   . Then 

we have: 

(1) If A is ij g s closed in X, then  ( ) \ji sCl A A   does not contain 

any nonempty i   closed set. 

(2)  If A is ij g s closed in X and ( )A B ji sCl A    , then B is 

ij g s closed in X. 

Proof: (1) Let F be an i   closed set such that ( ) \F ji sCl A A   . 

Then \A X F . Since A is  ij g s   closed and \X F  is i   open, then  

( ) \ji sCl A X F    which implies \ ( )F X ji sCl A   . Hence 

( ( )) ( ( ))cF ji sCl A ji sCl A         . (2) It is clear. 

Corollary 3.13. If A is a ij g s closed set in a space X, then A is 

ji    semiclosed if and only if ( ) \ji sCl A A  is i   closed.  

Theorem 3.14. If A is an i   open ij g s closed set in a space X, then A 

is ji   semiclosed and thus ij   regular open. 

 Proof. If A is i   open and ij g s closed, then ( )ji sCl A A   and 

so A is ji    semiclosed. Thus A ji   semiclosed, i.e.

( ( ))i Int j Cl A A   . Since A is i   open, then ( ( ))i Int j Cl A A    

and A is ij  regular open. 

Theorem 3.15. Let 
1 2( , , )X    be a bitopological space andA Y X  . If 

Y is i   open in X and A is ij g s closed in X, then A is ij g s 

closed relative to Y.  

Proof: LetA U , where U is i   open relative to Y. Then U Y G   for 

some i   open set G of X. Since A is ij g s  closed in X and A G  , 

then ( )ji sCl A G   .Then
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( ) ( )Yji sCl A ji sCl A Y G Y U          . Hence A is 

ij g s closed relative to Y. 

4- ij g s  Open sets 

Definition 4.1. A subset A of a bitopological space 
1 2( , , )X    is called 

ij g   semi open (briefly ij g s  open) if \X A  is ij g 

semiclosed. 

Theorem 4.2. A subset A of a bitopological space 
1 2( , , )X     is ij g s 

open  if ( )F ji sInt A     whenever F is i   closed and F A .  

Proof: Follows directly from Definitions 3.1 and 4.1. 

Theorem 4.3. If a subset A of a bitopological space 
1 2( , , )X    is ij g s 

open, then U X  whenever U is i   open and 

( ) ( \ )ji sInt A X A U    . 

Proof: Let U be an i   open set such that  ( ) ( \ )ji sInt A X A U    . 

Then \ ( \ ( ))X U X ji sInt A A   , i.e.,  

\ ( \ )) \ ( \ )X U ji sCl X A X A   . Since \X A  is ij g s   closed 

and \X U  is i   closed, then by Theorem 3.12 (1), \X U    and hence

U X . 

Theorem 4.4. Let 
1 2( , , )X    be a bitopological space, A Y X   and Y 

be a ji    open i   closed set in X. If A is ij g s  open relative to Y, 

and then A is ij g s open in X.  

Proof: Let F be an i   closed subset of X andF A . Then F is i   closed 

relative to Y and since A is ij g s  open relative to Y,

( ) ( )YF ji sInt A ji sInt A Y        . Hence ( )F ji sInt A    

and so A is ij g s open in X.   

Theorem 4.5. If A is an ij g s open subset of a bitopological space 

1 2( , , )X    and ( )ji sInt A B A    , then B is ij g s open. 

Proof: Let F B  and F is i   closed subset of X. Since A is ij g s 

open andF A , we have ( )F ji sInt A     and then

( )F ji sInt B   . Hence B is ij g s open. 
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Theorem 4.6. If a subset A of a bitopological space 
1 2( , , )X    is ij g s   

closed, then ( ) \ji sCl A A   is ij g s open.  

Proof: Let ( ) \F ji sCl A A   , where F is i   closed in X. Then, by 

Theorem 3.12 F    and so ( ( ) \ )F ji sInt ji sCl A A      . This 

shows that  ( ) \ji sCl A A    is ij g s open. 

 Lemma 4.7. Let A be a ij g   closed subset of a bitopological space

1 2( , , )X   . Then ( ) \ji Cl A A   does not contain a nonempty i   closed 

set. 

Lemma 4.8. In any bitopological space 
1 2( , , )X    a singleton set{ }x   is 

ji    open if and only if it is ji   regular open. 

Definition 4.9.  A bitopological space 
1 2( , , )X    is called pairwise 

3
4

T   if 

every ij g   closed subset of X is ji    closed. 

Theorem 4.10. For a bitopological space
1 2( , , )X   , the following are 

equivalent: 

(1) X is pairwise
3
4

T . 

(2) Every singleton set { }x  is either ji    open or i   closed. 

(3) Every singleton set { }x  is either ji    semi open or i   closed. 

(4) Every ij g s closed set of X is ji    semiclosed. 

Proof: (1)   (2): If { }x   is not i   closed, then \{ }X x   is not i   open 

and thus ij g   closed. By (1), \{ }X x  is ji    closed, i.e., { }x   is 

ji  open. 

(2)  (1): Let A X  be ij g closed. Let ( )x ji Cl A   . We 

consider two cases: 

Case (1): Let { }x  be ji  open. Since ( )x ji Cl A   , then

{ }x A  . Thus x A  . 

Case (2): Let { }x  be  i   closed. If we assume thatx A , then we would 

have ( ) \x ji Cl A A    which cannot happen according to Lemma 4.7. 

Hence x A . 

So in both cases we have ( )ji Cl A A   . Therefore A is ji  closed.  
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(2)  (3): Every singleton set is ji    semi open if and only if it is 

ji    open. 

(3)  (4): Let A X  be ij g s  closed and ( )x ji sCl A   . We 

consider the two cases: 

Case (1): Let { }x  be i   closed. By Theorem 3.13 ( ) \ji sCl A A   

does not contain{ }x . Since ( )x ji sCl A   , then x A .  

Case (2): Let { }x  be ji    semi open. Since ( )x ji sCl A   ,

{ }x A   . This shows thatx A .  

So in both cases,x A . This shows that ( )ji sCl A A   . Therefore 

( )A ji sCl A    and A is ji    semiclosed.  

(4)  (3): Let x X   and assume that { }x  is not i   closed. Then clearly 

\{ }X x  is not i open and \{ }X x  is trivially ij g s   closed. By (1), it 

is ji    semiclosed and thus { }x  is ji  semi open. 

Definition 4.11. A subset A of a bitoplogical space 
1 2( , , )X    is called ij   

nowhere dense if ( ( ))i Int j Cl A     and called ij    nowhere dense 

if ( ( ))i Int ji Cl A     . 

Lemma 4.12. For a bitopological space
 1 2( , , )X   , the following are 

satisfied: 

(a) Every singleton set ij    preclosed or ji    open in X.  

(b) Every singleton set is ij  nowhere dense or ij  preopen in X. 

Proof: (a) Let { }x  be not ji    open, then 

( ({ })) { }i Cl ji Int x x       and so { }x  is ij  preclosed. 

(b) If { }x  is not ij  nowhere dense, then ( ({ }))i Int ji Cl x     . 

Therefore { } ( ({ }))x i Int ji Cl x     is ij  preopen. 

Theorem 4.13. For a bitopological space
1 2( , , )X   , the following are 

equivalent: 

(a) X is pairwise
3
4

T . 

(b)  Every ij    preclosed singleton is i   closed. 

(c) Every non ji    open singleton set of X is i closed. 
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Proof: (a)  (b): Let x X  and { }x   is ij    preclosed.  By Lemma 

4.12 above, { }x   is not ji    open and hence by Theorem 4.10, { }x  is 

i   closed. 

 (b)  (a): If { }x  is not ji    open for some  x X , then by Lemma 

4.12, { }x  is ij  preclosed and by (b), { }x  is i   closed. Hence X is 

pairwise
3
4

T . 

(b)  (c): Obvious. 

Recall that a bitopological space 
1 2( , , )X    is called pairwise 

1
2

T  [3] if 

every ij g  closed set is j   closed. 

     One may notice that every pairwise 
1T  space is pairwise 

3
4

T  and every 

pairwise 
3
4

T  space is pairwise 
1
2

T  but not conversely. 

Lemma 4.14. For a bitopological space
1 2( , , )X   , the following are 

equivalent: 

(a) Every ji    preopen singleton set is i   closed. 

(b) Every singleton set is ij    nowhere dense or i   closed. 

Proof: (a)  (b): By Lemma 4.12, every singleton is either ij    

nowhere dense or ji    preopen. In the first case we are done, in the 

second case i   closeness follows from assumption. 

(b)  (a): Let { }x  be  ji    preopen. Assume that { }x  is not i   closed. 

Then by (b) it is ij    nowhere dense. Thus { }x    

( ({ })i Int ji Cl x      , which is impossible. 

Theorem 4.15. For a bitopological 
1 2( , , )X   , the following are equivalent: 

(a)  X is pairwise 
3
4

T   . 

(b) X is pairwise 
 
  and every j   open singleton set is ji    open. 

Proof: Obvious. 

Theorem 4.16. Let A be an ij gs  closed subset of a bitopological 

1 2( , , )X   . Then ( ) \ji sCl A A   does not contain a nonempty ij    

closed set. 

Proof: Similar to that of Theorem 3.12. 
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Definition 4.17. A bitopological space 
1 2( , , )X    is called pairwise almost 

weakly Hausdorff if * *
1 2( , , )X     is pairwise 

1
2

T .  

Theorem 4.18. For a bitopological 
1 2( , , )X   , the following are equivalent: 

(a) X is pairwise almost weakly Hausdorff. 

(b) Every singleton set of X is ij    closed or ji    semiopen. 

(c) Every ij gs closed set of X is ji    semiclosed.  

Proof: (a)  (b): Follows from the fact that every singleton set is ij    

semiopen if and only if it is ij    open. 

(b)  (c): Let A X  be an ij gs  closed and ( )x ji sCl A    . 

We consider the following two cases: 

Case(1): Let { }x  be ji    semiopen. Since ( )x ji sCl A   , then 

{ }x A   . This shows that x A  . 

Case(2): Let { }x  be ij    closed. If we assume that x A , then we have 

( ) \x ji sCl A A     which cannot happen according to Theorem 4.17. 

Hence  x A . 

So in both cases we have ( )ji sCl A A   , and so A is ji    

semiclosed. 

(c)  (b): If { }x  is not ij    closed, then \{ }X x  is not ij    open 

and thus \{ }X x  is ij gs  closed. By (c), \{ }X x  is ji    

semiclosed, i.e., { }x  is ji    semiopem. 

 

5- ij g s  Continuous and ij g s irresolute functions 

Definition 5.1. A function 
1 2 1 2: ( , , ) ( , , )f X Y     is called: 

(1) ij   super continuous [ 9 ] ( resp. ij    semi continuous, ij    

semi irresolute) if 1( )f F  is an ij    closed (resp. ij    semiclosed, 

ij    semiclosed) set in X for every i   closed (resp. i   closed, ij    

semiclosed) set F in Y.  

(2) ij g  continuous [ 3 ] (resp. ij gs   continuous [ 8 ]) if 1( )f F  is 

ij g  closed (resp. ij gs   closed) in X for every j   closed set F of Y. 
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(3) ij g   Continuous (resp. ij g   irresolute) if 1( )f F   is ij g   

closed in X for every j   closed (resp. ij g   closed) set F of Y. 

(4) ij g   continuous (resp. ij g   irresolute) if 1( )f F   is ij g   

closed in X for every j   closed (resp. ij g   closed) set F of Y. 

(5) ij gs  continuous if 1( )f F  is ij gs closed set in X for every 

j   closed set F of Y. 

(6) ij    semiclosed (resp. ij    semiopen) if ( )f F   is ij    

semiclosed (resp. ij    semiopen) in Y for every ij    semiclosed 

(resp. ij    semiopen) set F of X. 

Definition 5.2. A function 
1 2 1 2: ( , , ) ( , , )f X Y     is called ij g s 

continuous if 1( )f V  is ij g s closed in X for every j   closed set V of 

Y. If f is 12 g s continuous and 21 g s continuous, then it is called 

pairwise g s continuous. 

Definition 5.3. A function 
1 2 1 2: ( , , ) ( , , )f X Y     is called ij g s 

irresolute if 1( )f V  is ij g s closed in X for every ij g s   closed set 

V of Y. If f is 12 g s  irresolute and 21 g s   irresolute, then it is 

called pairwise g s   irresolute. 

Clearly :f X Y  is ij g s continuous (resp. ij g s 

irresolute) if and only if  1( )f V  is ij g s open in X for every j   open 

(resp. ij g s  open) set V of Y. 

Example 5.4. Let 
1 2( , , )X    as in Example 3.5. Then, 

(a) The function 
1 2 1 2: ( , , ) ( , , )f X X      defined as ( )f a b , ( )f b a , 

( )f c c , ( ) ( )f d f e e   is not 12 g s   continuous, since { }e  is a 2  

closed set but 1({ }) { , }f e d e   is not 12 g s   closed.   

(b)The function 
1 2 1 2: ( , , ) ( , , )g X X     defined as 

( ) ( ) ( ) ( )g a g b g c g e e     , ( )g d b  is 12 g s   continuous. 

(c) The function 
1 2 1 2: ( , , ) ( , , )h X X      defined as ( ) ( )h a h c c  , 

( ) ( )h b h d b  , ( )h e e  is 12 g s  irresolute.   
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     A function 
1 2 1 2: ( , , ) ( , , )f X Y     is called pairwise continuous [ 4 ] 

if the induced functions 
1 1: ( , ) ( , )f X Y   and 

2 2: ( , ) ( , )f X Y   are 

continuous.      

Remark 5.5. (a) For a function 
1 2 1 2: ( , , ) ( , , )f X Y     , we have the 

following diagram: 
 

  ij g   
continuity 

  ij g   
continuity 

     

ij  super continuity    ij g s   
continuity 

    
  

  ij   semi 

continuity 

 ij gs 

continuity 

 

(b) None of these implications is reversible. 

(c) The notions of ij g continuity and ij g s continuity are 

independent of each other. 

(d) The notions of ij g  irresoluteness, ij g   irresoluteness and 

ij g s irresoluteness are mutually independent. 

     The following examples show that the inverses of the implication in the 

above diagram may not be satisfied. 

Example 5.6. Let 
1 2( , , )X    be as in Example 3.5, then 

1- the function 
1 2 1 2: ( , , ) ( , , )f X X      defined as 

( ) ( ) ( )f a f c f d b   , ( )f b a  , ( )f e e  is not 12 g  continuous, 

since { }b  is 2  closed but 1({ }) { , , }f b a c d    not 12 g  closed. 

2- the function 
1 2 1 2: ( , , ) ( , , )f X X     defined as ( )f a c , ( )f b b , 

( )f c a  , ( )f d d  , ( )f e e   is 12 g  continuous. 

3- the identity function 
1 2 1 2: ( , , ) ( , , )f X X     is 12 g  irresolute. 
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4- the function 
1 2 1 2: ( , , ) ( , , )f X X     defined as ( )f a b , ( )f b d , 

( )f c a , ( )f d c  , ( )f e e  is not 12 g  irresolute, since { , }a c  is 

12 g  closed set but 1({ , }) { , }f a c c d    is not 12 g closed.       

Theorem 5.7. Let 
1 2 1 2: ( , , ) ( , , )f X Y     be a function, then 

(a) If f is ij g s irresolute and X is pairwise 
 

3
4

T  , then f is ji    semi 

irresolute. 

(b) If f is ij g s continuous and X is pairwise
3
4

T , then f is ij    semi 

continuous. 

(c) If X is pairwise semi regular, then f is ij g s continuous if and only 

if  f is ij gs   continuous. 

(d) If X is pairwise semi regular and pairwise 
bT  (resp. pairwise 

dT  ), the f 

is pairwise g s continuous if and only if f is pairwise continuous (resp. 

pairwise g  continuous).  

Proof: (a) Let V be a ji    semiclosed set in Y. Then V is ij g s   

closed in Y, and since f is ij g s irresolute, then 1( )f V   is ij g s 

closed in X. Since X is pairwise
3
4

T , 1( )f V  is ji    semiclosed in X. 

Hence f is ji  semi irresolute. 

(b) Similar to (a). 

(c) and (d) follows from Theorem 3.8. 

Theorem 5.8. If  
1 2 1 2: ( , , ) ( , , )f X Y     is a pairwise continuous 

ji    semiclosed function, then ( )f A  is ij g s closed in Y for every 

ij g s closed set A in X. 

Proof: Let A be a ij g s closed set in X. Let ( )f A V , where V is any 

i   open set in Y. Since f is pairwise continuous, 1( )f V  is i   open in X 

and 1( )A f V . Then we have 1( ) ( )ji sCl A f V     and so

( ( ))f ji sCl A V   . Since f is ji    semiclosed, ( ( ))f ji sCl A    

is ji  semiclosed in Y and hence

( ( )) ( ( ( ))ji sCl f A ji sCl f ji sCl A V        . This shows that 

( )f A  is ij g s closed in Y.   
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Theorem 5.9. Let 
1 2 1 2: ( , , ) ( , , )f X Y     and 

1 2 1 2: ( , , ) ( , , )g Y Z     be two functions, where
1 2( , , )X   , 

1 2( , , )Y    

and  
1 2( , , )Z    are bitopological spaces. Then,  

(a) If f is ij g s  continuous and g is pairwise continuous, then g f   is 

ij g s continuous.  

(b) ) If f is irresolute and g is ij g s  irresolute, then g f   is ij g s 

ij g s irresolute. 

(c) If f is ij g s  irresolute and g is ij g s  continuous, then g f   is 

ij g s continuous. 

(d) Let 
1 2( , , )X    be a pairwise 

3
4

T   space. If f is ji    semi irresolute 

and g is ij g s continuous, then g f  is ji    semi continuous. 

Proof: Obvious. 

Theorem 5.10. Let 
1 2 1 2: ( , , ) ( , , )f X Y     be a pairwise continuous 

ji    semiclosed surjection. If 
1 2( , , )X    is a pairwise 

3
4

T  space, then 

1 2( , , )Y    is pairwise
3
4

T . 

Proof: Let F be a ij g s closed set of Y. Then, by Theorem 5.8 1( )f F   

is ij g s closed in X. Since X is pairwise
3
4

T , then 1( )f F   is ji    

semiclosed in X. By the rest of the assumption it follows that F is ji  

semiclosed in Y. Hence Y is pairwise
3
4

T . 

Theorem 5.11. Let 
1 2 1 2: ( , , ) ( , , )f X Y     be a j   closed (i.e., the 

image of each j closed set of X is j   closed in Y) and ij    semi open 

bijection. If  X  is a pairwise 
1
2

T  space, then Y is pairwise 
3
4

T . 

Proof: Let y Y . Since X is pairwise 
1
2

T  and f is bijective, then for some 

x X  with ( )f x y , we have { }x  is j   closed or i   open. If { }x is j 

closed then { } ({ })y f x  is j closed, since f is j closed and injective. If 

{ }x  is i open, then { }y  is ij    semiopen, since f is ij   semiopen. 

Hence Y is pairwise
3
4

T . 
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In the end of this section we define the concept of pairwise g sc   

homeomorphism and prove that the set of all pairwise g sc 

homeomorphisms from 
1 2( , , )X    onto itself has a group structure under 

the composition. 

Definition 5.12. A function 
1 2 1 2: ( , , ) ( , , )f X Y     is called pairwise 

g sc homeomorphism if f is a bijective pairwise g s irresolute and its 

inverse function 1f    is pairwise g s irresolute. 

For a bitopological space
1 2( , , )X   , we introduce the following notations: 

1 2 1 2 1 2( , , ) { : : ( , , ) ( , , ) a pairwise
homeomorphism}

g sch X f f X X is
g sc

      


 


Theorem 5.13. (a) The set 
1 2( , , )g sch X    is a group which contains 

1 2( , , )h X    as its subgroup.  

(b) If 
1 2 1 2: ( , , ) ( , , )f X Y     is a pairwise g sc homeomorphism, 

then f induces an isomorphism from the group 
1 2( , , )g sch X    onto

1 2( , , )g sch Y   . 

Proof: (a) A binary operation 

1 2 1 2 1 2: ( , , ) ( , , ) ( , , )g sch X g sch X g sch X            is well defined 

by ( , )a b b a   (the composition) for any 
1 2, ( , , )a b g sch X   . Then, it 

is shown that 
1 2( , , )g sch X    is group with binary operation . Every 

homeomorphism is both pairwise continuous and ij    semiclosed. By 

Theorem 5.8, every pairwise homeomorphism is pairwise g sc 

homeomorphism. Therefore it is shown that  
1 2( , , )h X    is a subgroup of   

1 2( , , )g sch X   . 

(b)The isomorphism 
* 1 2 1 2: ( , , ) ( , , )f g sch X g sch Y       is induced 

from f by 1
*f f f    for every 

1 2( , , )g sch X     by usual 

argument (the argument obtained in group theory). 
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 المغلقة من النوع دلتاالمجموعات المعممة نصف 

 في الفضاءات ثنائية التوبولوجي

 

 فتحي هشام خضر*

 جاهعة اسيْط -كلية العلْم -*قسن الزياضيات

 

الِذف هي ُذا البحث ُْ تقذين ّدراسةة الوموْاةات الوعووةة ًاةم الو لقةة      

هي الٌْع دلتا ّدراسة خْاصِا ّالاقاتِا بةانًْاع انخةزٓ هةي الوموْاةات الو لقةة 

الوعووة في الفضاءات ثٌائية التْبْلْجي. باستخذام ُذٍ الوموْاةات ًعيةي تيخياةا 

3للفضةةةاء ثٌةةةاثي التْبْلةةةْجي 
4

T أيضةةةا ًقةةةذم هفِةةةْم الةةةذّاا بةةةيي الفضةةةاءات ثٌائيةةةة .

gالتْبْلْجي الوتالة هي الٌْع   s  ّالوتةزدد  هةي الٌةْعg s أخيةزا ًقةذم هفِةْم .

gالتيةةةاكي بةةةيي الفضةةةاءات التْبْلْجيةةةة هةةةي الٌةةةْع  sc  هموْاةةةة كةةةي ًّبةةةيي أى

gالتياكلات هي الٌْع  sc   هي فضاء ثٌةائي التْبْلةْجي ىلةٔ ًفسةَ تزةْى سهةز  هة

 اولية تحايي الذّاا.
 


