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INTRODUCTION
Throughout this paper, (X ,z;,z,) and (¢ ,oy,0,) (or simply X and

Y) always mean bitopological spaces (or simply spaces) on which no
separation axioms are assumed unless explicitly stated. Also, i, j =1,2 and

i #j.Let A be a subset of a space(x T, Tp) - The closure of A and the
interior of A in the topological space (X ,z; ) are denoted by i —CI(A) and

i —Int(A), respectively. We write I — open (resp. I —closed) set to mean
that the set is open (resp. closed) in the topological space(X ,z; ). A subset A
of a space (X ,z,,z,) is said to be 1] — regular open (resp. 1j —regular
closed) [12] if A =i —Int(j —CI(A)) (resp.A =i —CI(j —int(A)) )- The
collection of all jj —regular open sets form a base for a topology Ti* IS
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coarser than ¢, [10]. The bitoplogical space (X ,T;‘,T;‘) is called the semi-
regularization of(X ,7,7,). If 7; =7; , then (x zy,7,) 15 said to be
pairwise semi regular. The jj — s — interior [10] of a subset A of a space X is
the union of all jj — regular open sets of X contained in A and is denoted by
ij —5—Int(A). The subset A of X is called jj—s5— open if
A=ij —5—Int(A) .i.e, a setis jj—5—open if it is the union of jj —
regular open sets. The complement of an jj — 5 —open set is called jj — 5 —
closed. A point peX is in the jj—s5— closure of A [1] if
i —Int(j —CIU))NA =¢ for every U e and peU . The set of all
ij —o — closure points of A is denoted by ij —5—CI(A). Obviously A is
ij —o — closed if and only ifA =ij —5—CI(A). The family of all jj — 5 —
open sets forms a topology on X denoted by ¢, ; [10]. It is well known that
o =1;5 [10]. A subset A of X is called jj — semiopen [ 2 ] (resp. ij —a —
open [ 5 ] ij— preopen [5 ]) if Acj-ClI(@i —Int(A))(resp.
A ci—Int(j —CI(i —Int(A))). A ci —Int(j —CI(A)) ). The complement
of a 1j — semiopen (resp. ij — — open, 1j — preopen) set is called 1] —
semiclosed (resp. ij — —closed, jj — preclosed).

In this paper we introduce and study jj —ggos —closed sets and

study some of its properties and its relations with other kinds of generalized

closed sets in bitopological spaces. Using these sets we obtain a

characterization of pairwise 1, spaces. Also we introduce the concepts of
4

pairwise ggs —continuous and pairwise ggss —irresolute functions. Finally
we define the concept of pairwise gssc — homeomorphism and prove that
the set of all pairwise gssc —homeomorphisms from (x,z,z,) onto itself
has a group structure under the composition.

2. ij —s—Semi open sets.

Definition 2.1. A subset A of bitopological space (x,z,z,) is called ij —&—
semi open if there exists an jj—s—open set U such thatu c aAc j-ciu). The
complement of a jj—s-semi open set is called jj—s-semiclosed.
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A point x eX is called a jj —s-semi cluster point of A if A~U =¢ for
every jj—s—semi open set U of X containing x. The set of all jj—s-semi
cluster points of A is called the jj—s-semi closure of A and is denoted by
ij —5—sClI(A). The collection of all jj—s-semi open (resp. ij—s-semiclosed)
sets of X will be denoted by ij —550(X ) (resp.ij —6SC (X ))-

A subset U of a space X is called ij —5—semi neighborhood (briefly,
ij —o-semi nbd) of a point x in X if there exists a jj — s—semi open set V such
thatx ev cU .

Lemma 2.2. The union of arbitrary collection of ij — & — semi open sets in
(X,7,,7,) IS ij—s-semi open.

Proof: Since arbitrary union of jj—s—open sets is jj—s-open [6 Lemma 2.2],
the result follows directly.

Lemma 2.3. The intersection of arbitrary collection of jj-s-semiclosed sets
N (X,7,z,) 1S ij—s—semiclosed.

Proof: Follows directly by Lemma 2.1.

Corollary 2.4. For a subset A of a bitopological space (x,r,z,), we have
ij —5sCI(A)={F:AcF, Feij—55C(X)}

Corollary 2.5 For a subset A of a bitopological space (x,z,z,), we have
ij —55CI(A) is ij—s-semiclosed, that is jj —5sCl (ij —55CI (A)) = ij —55CI (A) -
Lemma 2.6. For subsets A, B and A (k el) ofa bitopological space (x,z,,z,),
the following hold

(1) A cij —5sCI (A) -

(2)A =B = ij —55CI (A) cij —55CI (B) -

(3)ij —5sCl (DA) il ~55ClH A}

(4)ij —osCl (UA) =1 Aii —55Cl(A, )}

(5) Ais jj—s-semiclosed if and only if A =ij —s5s5CI (A)-

Recall that a subset A of a bitopological space (X ,z;,z,) is called jj —g —
closed [ 3 ] (resp. ij—gs— closed [ 8 ]) if j—CI(A)cU (resp.
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ji —sCI(A)cu) Wwhenever AcU and U is i — open in X. Now, we
introduce the following concepts.

Definition 2.7. A subset A of a bitopological space (X ,z;,7,) is called:

(1) ij —ogs — closed, if ji —5—sCI(A)cU whenever A cU and U is
ij —o — openinX.

(2) ij —og — closed, if ji —5-CI(A)cU whenever AcU and U is i —
open in X.

(3) ij —go — closed, if j —CI(A)cU whenever AcU and U is jj —5 -
open in X.

(4) ij _59*_ closed, if ji —5—-CI(A)cU whenever AcU and U is
ij —o— openin X,

The complement of a jj —g — closed (resp. ij —gs — closed, ij —&gs —

closed) set is called jj —g — open [3] (resp. ij —gs — open [8], ij —5gs —

open).

3- ij —gos — closed sets

Definition 3.1. A subset A of a bitopological space (X ,z,z,) is said to be

ij —g&s — closed if ji —5-sCI(A)cU whenever AcU and Uis | —
open set in X.

Remark 3.2. For a subset of a bitopological space, from definition we have
the following diagram of implications

ji—-6—- —> ij-09- —> ij-06g*~ —> ij-go-
closed closed closed closed

ji—6— — ij—gds— — ij—50s—
semiclosd closed closed

Where none of these implications is reversible.

Definition 3.3. A bitoplogical space (X ,z;,z,) is called a pairwise partition
space if every i — open setis j — closed.

Theorem 3.4. For a subset A of a partition space (X 71, Tp) the following
are equivalent:
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(@) Ais jj —sg — closed.

(b) Ais ij —5g *— closed.

(c)Ais jj —gds — closed.

(d) Ais jj —5gs — closed.

Proof: Straightforward.

Next example shows that even a j — closed set in a space (X ,z;,z,) heed

not be jj — g s — closed.

Example 3.5. Let X ={a,b,c,d,e}. 7{X 4 {a}.{}.{b.c}, {ac}{c.d},
{a,b,c}{o,c.d}{c.d e} {ac.d}{ab,c.d}{ac,d,e}, {b,c,d,e}} and
7, ={X ,¢{a} fe}{d}{a.d}{ae}{d e} {ac,d}{b.d e},

{a,d,e}.{a,b,d e} {a,c,d,e}}. Then {a,b} and {a} are 1- closed sets but
not 21— gos — closed sets.

Lemma 3.6. Let A be a subset of a pairwise semi regular space (X ,z;,7,)-
Then ji —5—sCI(A) = ji —sCI(A)-

Proof: Follows from the fact that in a pairwise semi regular space, a set U is
i —open ifand only if itis jj —5— open.

Definition 3.7. A bitopological space (X 71, Tp) is called pairwise T, (resp.
pairwise T, ) if every ij —gs —closed set is ij —g — closed (resp. j -
closed).

Theorem 3.8. Let A be a subset of a pairwise semi regular space(X ,z;,7,),
then

(1) Ais jj —gos —closed if and only if A'is jj — gs —closed.

(2) If, in addition, (X ,7;,7,) IS ij -Ty (resp.jj ~Tyq ), then A'is jj —gos —
closed if and only if Ais j — closed (resp. jj —g — closed).

Proof: Follows directly by Lemma 3.6 and Definition 3.7 above.
Theorem 3.9. For a space(X ,z;,,), the following are equivalent:

(1) Every i — open set of X is ji — s — semiclosed.
(2) Every subset of X is jj —g s — closed.

Proof: (1) = (2): LetA cU, where U is i — open and A is an arbitrary
subset of X. By (1), U is ji—-s— semiclosed, and thus

ji =6 —sCI(A)c ji —6—sCI(U)=U . Hence Ais jj —gos — closed.
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(2) = (1): IfU =X isi—open, by (2), ji —osClIU)=U or equivalently
Uis ji —s5— semiclosed.

Remark 3.10. Finite union or intersection of jj — g s —closed sets need not
be ij — g os —closed.

Example 3.11. Let (X ,7;,7,) as in Example. 3.5, then {a,b} and {a,c} are
12 — g os —closed sets but {a,b}N{a,c}={a} is not 12 — g §s —closed.
Theorem 3.12. Let A be a subset of a bitopological space (X ,z;,7,). Then
we have:

(1) If Alis jj —gos —closed in X, then ji —5—sCI(A)\A does not contain
any nonempty i — closed set.

(2) If Alis jj —gos —closed in X andA =B — ji —6—sCI(A), then B is
ij —gos —closed in X.

Proof: (1) Let F be an i — closed set such thatF — ji —5—sCI(A)\A.
ThenA =X \F.Since Ais ijj —gos — closed and X \F is i — open, then
ji —6—sCI(A)cX \F which impliesF =X \ ji —6—sCI(A). Hence
F < (ji —0—-sCI(A)N(ji —6—sCI(A))° =¢ . (2) Itis clear.

Corollary 3.13. If A is a jj —ggs —closed set in a space X, then A is
ji —s — semiclosed if and only if ji —5sCI(A)\A is i — closed.

Theorem 3.14. If Aiis an i — open jj —g s —closed set in a space X, then A
is ji — semiclosed and thus jj — regular open.

Proof. If A'is i — open and jj —ggs —closed, then ji —5sCI(A)c A and
so A is ji—s— semiclosed. Thus A ji — semiclosed, i.e.
i —Int(j —CI(A))cA. Since A is i — open, then i —Int(j —CI(A))=A
and A is jj —regular open.

Theorem 3.15. Let (X ,z;,7,) be a bitopological space andA <Y <X . If
Y is i — open in X and A is jj —ggs —closed in X, then A is jj —gJs —
closed relative to Y.

Proof: LetA <U , where U is i — open relative to Y. Then U =Y NG for
some i — open set G of X. Since A'is jj —gos — closed in X and A <G ,

then ji —5 —sCI(A) =G .Then
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ji—6-sCk (A)=ji —6-sCI(A)nY cGnY =U. Hence A s
ij —gos —closed relative to Y.

4- ijj —g s — Open sets

Definition 4.1. A subset A of a bitopological space (X ,z;,z,) is called
ij —go— semi open (briefly jj —gss— open) if X \A is jj—g5-
semiclosed.

Theorem 4.2. A subset A of a bitopological space (X ,z;,z,) IS ij —gds —
open if F — ji —5—sInt(A) whenever Fis I — closedand F A.

Proof: Follows directly from Definitions 3.1 and 4.1.
Theorem 4.3. If a subset A of a bitopological space (X ,z;,z,) IS ij —gds —

open, then U =X whenever U 1§ i— open and
ji—6-sint(A)u(X \A)cU .

Proof: LetUbean I — open set such that ji —5—sInt(A)u(X \A)cU .
Then X \U (X \ji —5-sInt(A))NA, ie.,
X \U c ji —8—sCI(X \A))\(X \A). Since X \A is jj —gos— closed
and X \U is I — closed, then by Theorem 3.12 (1), X \U =¢ and hence

Uu=X.
Theorem 4.4. Let (X ,7,7,) be a bitopological space, AcY <X and Y

be a ji —s5— open i — closed setin X. If A'is jj —g s — open relative to Y,
and then A'is jj —gos —open in X.

Proof: Let F be an 1 — closed subset of X andF — A . Then Fis i — closed
relative to Y and since A is jj—gos— open relative to Y,
Fcji—-o-sInty (A)=ji —5-sInt(A)~Y . Hence F < ji —5—sInt(A)
and so Ais ij —gos —open in X.

Theorem 4.5. If A is an jj —ggs —open subset of a bitopological space
(X ,71,7,) @d ji —5—sInt(A) =B A, then B is ij — g s —open.

Proof: Let F =B and F is I — closed subset of X. Since A is ij —g&s —
open andF cA, we have Fcji-&-sInt(A) and then
F c ji —o—sInt(B). Hence B is ij —gos —open.
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Theorem 4.6. If a subset A of a bitopological space (X ,z;,7,) IS ij —gds —
closed, then ji —5—sCI(A)\A is ij —gds —open.

Proof: LetF < ji —5—sCI(A)\A, wWhere F is | — closed in X. Then, by
Theorem 3.12 F=¢ and SOF c ji —&—sInt(ji —6—sCI(A)\A). This
shows that ji —5—sCI(A)\A Iis ij —gds —open.

Lemma 4.7. Let A be a ij —5g — closed subset of a bitopological space
(X ,71,75)- Then ji —5—CI(A)\A does not contain a nonempty i — closed

set.
Lemma 4.8. In any bitopological space (X ,z;,z,) @ singleton set{x} is

ji —s—openifandonlyifitis ji — regular open.
Definition 4.9. A bitopological space (X ,z;,z,) is called pairwise T, if
4

every jj —sg — closed subset of X is ji — 5 — closed.

Theorem 4.10. For a bitopological space(X ,z,,z,), the following are
equivalent:

(1) X'is pairwiser _ .

(2) Every singleton set {x } is either jj —5— openor i — closed.

(3) Every singleton set {x } is either ji —s5— semiopenor i — closed.

(4) Every ijj —gos —closed set of X is ji — 5 — semiclosed.

Proof: (1) = (2): If {x} is not I — closed, then X \{x} isnoti— open
and thus jj —sg — closed. By (1), X \{x} is ji —5— closed, i.e., {x} is
ji —&—open.

(2) = (1): Let Ac=X be jj —5g —closed. Letx e ji —5-CI(A). We
consider two cases:

Case (1): Let {x} be ji—s—open. Sincex e ji —5—-CI(A), then
{x}NA =¢. Thus x €A .

Case (2): Let {x} be i — closed. If we assume thatx ¢ A, then we would
have x e ji —o—CI(A)\A Which cannot happen according to Lemma 4.7.

Hence x €A.
So in both cases we have ji —5—~CI(A) c A . Therefore Ais ji — s —closed.
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(2) < (3): Every singleton set is jij —s— semi open if and only if it is
ji —&— open.
(3) = (4): Let Ac=X be ij —ggos — closed andx e ji —5—sCI(A). We
consider the two cases:
Case (1): Let {x} be | — closed. By Theorem 3.13 ji =5 —sCI(A)\A
does not contain{X }. Sincex e ji —5—sCI(A), then x €A.
Case (2): Let {x} be ji—s5— semi open. Sincex e ji —5—sCl(A),
{x}A = ¢. This shows thatx e A.
So in both cases,x e A. This shows that ji —5—sCI(A)cA. Therefore
A=ji —6-sCI(A) and Ais jj —s5— semiclosed.
(4) = (3): Let x e X and assume that {x} is not i — closed. Then clearly
X \{x} isnot i —open and X \{x} is trivially jj — ggs — closed. By (1), it
is ji —5— semiclosed and thus {x} is ji — & —semi open.
Definition 4.11. A subset A of a bitoplogical space (X ,z;,7,) is called jj —
nowhere dense if i —Int(j —CI(A)) =¢ and called jj — 5 — nowhere dense
ifi —Int(ji —5-CI(A))=¢-
Lemma 4.12. For a bitopological space (X ,z;,z,), the following are
satisfied:
(a) Every singleton set jj — 5 — preclosed or jj —s5— openin X.
(b) Every singleton set is jj — 5 —nowhere dense or jj — 5 —preopen in X.
Proof: (@) Let {x} be not ji—-s— open, then
i —Cl(ji —5—Int({x})=¢={x} and so {x} is ij — 5 —preclosed.
(b) If {x} is not jj — 5 —nowhere dense, theni —Int (ji —o —CI({x})) = ¢-
Therefore {x}ci —Int(ji —5—CI({x})) is ij —5 —preopen.
Theorem 4.13. For a bitopological space(X ,z,z,), the following are
equivalent:
() X is pairwiseT , .

2
(b) Every jj —5 — preclosed singleton is i — closed.
(c) Every non ji — s — open singleton set of X is i —closed.
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Proof: (a) = (b): Let x eX and {x} is ij —5— preclosed. By Lemma
4.12 above, {x} is not ji —s5— open and hence by Theorem 4.10, {x} is
i — closed.
(b) = (a): If {x} is not ji —5— open for some x X , then by Lemma
4.12, {x} is ij —o —preclosed and by (b), {x} is i — closed. Hence X is
pairwiser , .
(b) < (c): Obvious.
Recall that a bitopological space (X ,z;,z,) is called pairwise T, [3] if
2

every jj —g — closed setis j — closed.

One may notice that every pairwise T, space is pairwise T, and every

pairwise T, space is pairwise T, but not conversely.
4 2

Lemma 4.14. For a bitopological space(X ,z;,z,). the following are
equivalent:
(a) Every ji —s — preopen singleton set is i — closed.
(b) Every singleton set is jj — 5 — nowhere dense or i — closed.
Proof: (a) = (b): By Lemma 4.12, every singleton is either jj —§—
nowhere dense or ji —s5— preopen. In the first case we are done, in the
second case i — closeness follows from assumption.
(b) = (a): Let {x} be ji —5— preopen. Assume that {x} is not i — closed.
Then Dby (b) it is jj—o5— nowhere dense. Thus {x}c
i —Int(ji —0—-ClI({x})=¢ , Which is impossible.
Theorem 4.15. For a bitopological (X ,z,,z,), the following are equivalent:
(@) Xis pairwise T, .

4

(b) X'is pairwise and every j — open singleton setis ji —s5— open.

Proof: Obvious.

Theorem 4.16. Let A be an ij —5gs — closed subset of a bitopological
(X ,7;,7,)- Then ji —5—sCI(A)\A does not contain a nonempty ij — 5 —

closed set.
Proof:; Similar to that of Theorem 3.12.
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Definition 4.17. A bitopological space (X 71, Tp) is called pairwise almost
weakly Hausdorff if (x ’TI!T;) is pairwise T, .
2

Theorem 4.18. For a bitopological (X ,z,z,), the following are equivalent:

(@) X is pairwise almost weakly Hausdorff.

(b) Every singleton set of X is jj —5 — closed or ji —s5— semiopen.

(c) Every ij —sgs —closed set of X is ji — s — semiclosed.

Proof: (a) < (b): Follows from the fact that every singleton set is jj — & —
semiopen if and only if itis jj — 5 — open.

(b) = (c): Let A =X be an jj —sgs — closed and x e ji —5—sCI(A) -
We consider the following two cases:

Case(1): Let {x} be ji —5— semiopen. Since x e ji —5—sCI(A), then
{x}NA #=¢ . This shows that x €A .

Case(2): Let {x} be jj —5— closed. If we assume that x ¢ A, then we have
X € ji —o—sCI(A)\A which cannot happen according to Theorem 4.17.

Hence x €A.
So in both cases we haveji —5—sCI(A)c A, and so A is ji —5—

semiclosed.

(c) = (b): If {x} is not jj —5— closed, then X \{x} is not jj —5— open
and thus X \{x} is ij —ogs— closed. By (c), X \{x} is ji-o—
semiclosed, i.e., {x} is ji — &5 — semiopem.

5- ij —gos — Continuous and jj — g s —irresolute functions

Definition 5.1. A function f : (X T, T9) = (Y ,07,05) is called:

(1) ij — super continuous [ 9 ] ( resp. jj —&— semi continuous, ij — & —
semi irresolute) if f “1(F) is an jj —5— closed (resp. ijj —— semiclosed,
ij —o — semiclosed) set in X for every i — closed (resp. i — closed, ij — & —
semiclosed) set Fin Y.

(2) ij —g — continuous [ 3 ] (resp. ij —gs — continuous [ 8 ]) if f —1(|:) is
ij —g — closed (resp. ij —gs — closed) in X for every j — closed set F of Y.
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(3) ij —og — Continuous (resp. ij —5g — irresolute) if f ‘1(|:) is ij —5g —
closed in X for every j — closed (resp. ij —s5g — closed) set F of Y.

(4) ij —go — continuous (resp. ij —gs — irresolute) if f ~X(F) is ij —gs -
closed in X for every j — closed (resp. ij —g o — closed) set F of Y.

(5) ij —5gs — continuous if f “L(F) is ij —sgs —closed set in X for every
j — closed set F of Y.

(6) ij —o— semiclosed (resp. ij —5— semiopen) if f (F) is jj—5-
semiclosed (resp. ij —5— semiopen) in Y for every jj —s5— semiclosed
(resp. ij —& — semiopen) set F of X.

Definition 5.2. A function f : (X ,z;,7,) > (Y ,01,0,) is called ij —g&s —
continuous if f “1/ ) is ij — gs —closed in X for every j — closed set V of
Y. If fis 12— g s —continuous and 21— g s —continuous, then it is called
pairwise ggs —continuous.

Definition 5.3. A function f : (X 11, Tp) = (Y ,07,05) is called ij —gos —
irresolute if f ~1¢ ) is ij — g&s —closed in X for every jj — g s — closed set
V oof Y. If fis 12—goss —irresolute and 21— gos — irresolute, then it is
called pairwise g s — irresolute.

Clearly f :X —Y is ij —gd&s—continuous (resp. ij —gd&s —
irresolute) if and only if f ‘1(\/ ) is ij —g&s —open in X for every j — open
(resp. ij —gos — open) set V of Y.

Example 5.4. Let (X Ty, T,) @S in Example 3.5. Then,

(a) The function f : (X ,z;,7,) > (X ,7y,7,) definedas f (a)=b, f (b) =a,
f(c)=c, f (d)=f (¢)=e isnot 12—gss — continuous, since fe} isa 2—
closed set but f ~1({e}) ={d ,e} isnot 12— g s — closed.

(b)The function g:(X,7,15) => (X ,7q,75) defined as
g@=9(b)=9()=g()=e . g(d)=b is12—gss — continuous.

(c) The function h: (X 11, 72) = (X, 10, 75) defined as h(a)=h(c)=c,
h(p)=h()=b, h(e)=e is12—gos —irresolute.
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A function f : (X 11, T9) = (Y ,07,05) is called pairwise continuous [ 4 ]
if the induced functions f : (X ,z) > ,07) and f :(X ,z,) > (/ ,0,) are

continuous.
Remark 5.5. (a) For a function f : (X 11, Tp) > ,01,0,) » We have the

following diagram:

ij-sg- = ij-go-
continuity \ continuity

1j —super continuity / ij —gJs —
\ continuity

Ij —o —semi ij —ogs —

continuity continuity

(b) None of these implications is reversible.

(c) The notions of jj —gg—continuity and jj —ggs —continuity are
independent of each other.

(d) The notions of jj —gg —irresoluteness, jj —5g — irresoluteness and

ij —gos —irresoluteness are mutually independent.

The following examples show that the inverses of the implication in the
above diagram may not be satisfied.
Example 5.6. Let (X 11, Tp) be as in Example 3.5, then

1- the function fo(X,7,1) > (X ,70,75) defined as
f(@=fc)=f@d)=b, f(b)=a ., f (e)=e is not 12—gs— continuous,
since {b} is 2— closed but f 1({b}) ={a,c,d} not12—gs — closed.

2- the function f : (X T, T2) = (X, 70, 75) defined as f (a)=c, f (b) =b,
fc)=a,f(d)=d .f (e)=e is12—gg - continuous.

3- the identity function f : (X 11, 7p) = (X, 1, 75) is 12— 5g — irresolute.
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4- the function f : (X 1, 75) = (X ,70,75) defined as f (a)=b, f (b) =d ,
f(c)=a, f(d)=c ., f (e)=e is not 12—5g — irresolute, since {a,c} is
12— 5g — closed set but f ~Y({a,c}) ={c,d} isnot 12— sg —closed.
Theorem 5.7. Let f : (X 11, T0) = (Y ,07,05) be a function, then

(@) If fis ij —gos —irresolute and X is pairwise 1, , then fis ji —s5— semi

irresolute.

(b) If fis ij —g s —continuous and X is pairwiser , then f is jj — 5 — semi

continuous. 4

(c) If X is pairwise semi regular, then f is jj — g s —continuous if and only

if fis jj —gs — continuous.

(d) If X'is pairwise semi regular and pairwise T (resp. pairwise T, ), the f

is pairwise ggs —continuous if and only if f is pairwise continuous (resp.

pairwise g — continuous).

Proof: (a) Let V be a ji —s5— semiclosed set in Y. Then V is jj —g¢&s —

closed in Y, and since f is ij —gos —irresolute, then § “1¢/ ) is ij —g&s —

closed in X. Since X is pairwiseT , f ) is ji —5— semiclosed in X.
2

Hence f is ji — s —semi irresolute.

(b) Similar to (a).

(c) and (d) follows from Theorem 3.8.

Theorem 5.8. If f :(X 1,7p) = ,07,05) IS a pairwise continuous

ji —s — semiclosed function, then f (A) is ij —gos —closed in Y for every
ij —gos —closed set Ain X.

Proof: Let A be a jj —ggs —closed set in X. Letf (A) <V , where V is any
i — open set in Y. Since f is pairwise continuous, f ‘1(\/ ) is i — open in X
and Acf ). Then we have ji-5-sCI(A)cf 1) and so
f (ji —6—sCI(A))cV . Since fis ji —s5— semiclosed, f (ji —&—sCI(A))
is ji —& —semiclosed in Y and hence
ji =8 —=sCI(f (A)) = ji —5—sCI(f (ji —sCI(A))cV . This shows that
f (A)isij —gds —closedinY.
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Theorem 5.9. Let f (X, ,5q,0) > ,00,05) and
9:( ,00,0,) > (Z,,v,) be two functions, where(X ,z,,z,), (¥ ,01,05)
and (z,1,,v,) are bitopological spaces. Then,

(@) If fis jj —gos — continuous and g is pairwise continuous, then g of is
ij —gos —continuous.

(b)) If fisirresolute and g is jj —g s — irresolute, then g of is ij —gds —
ij —gos —irresolute.

(c) If fis jj —gos — irresolute and g is jj —gos — continuous, then g of s
ij —gos —continuous.

(d) Let (X ,zy,7,) be a pairwise 1 space. If fis ji —5— semi irresolute

and g is jj —g s —continuous, then g of is ji —§— semi continuous.

Proof: Obvious.
Theorem 5.10. Let f :(X 11, 7p) = (Y ,07,05) be a pairwise continuous

ji —s— semiclosed surjection. If (X 11, T5) IS a pairwise T, Space, then
Y ,0q,0,) IS pairwiser ,. '

Proof: Let F be a jj —9455 _closed set of Y. Then, by Theorem 5.8 f ~L(F)
is ijj —gos —closed in X. Since X is pairwiseTg, then f —1(|:) is ji —5—
semiclosed in X. By the rest of the assumption Ait follows that F is ji —5—

semiclosed in Y. Hence Y is pairwiseT ..
4

Theorem 5.11. Let f : (X 1, 7p) > (Y ,07,05) be a j — closed (i.e., the
image of each j —closed set of X is j — closed in'Y) and jj — 5 — semi open
bijection. If X is a pairwise T, space, then Y is pairwise T ,.

2 4
Proof: Lety ¢y . Since X is pairwise T, and f is bijective, then for some

2

X e X withf (x)=y,we have {x} is j — closed or i — open. If {x}is j —
closed then {y}=f ({x}) is j —closed, since fis j —closed and injective. If
{x} is i —open, then {y1} is ij — 5 — semiopen, since f is jj — 5 —semiopen.
Hence Y is pairwiser .
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In the end of this section we define the concept of pairwise ggsc —
homeomorphism and prove that the set of all pairwise gg&sc—
homeomorphisms from (X ,z,,z,) onto itself has a group structure under

the composition.
Definition 5.12. A function f : (X T, T9) > ,09,0,) is called pairwise

g osc —homeomorphism if f is a bijective pairwise ggs —irresolute and its
inverse function f ~* is pairwise g os —irresolute.

For a bitopological space(X ,z;,7,), we introduce the following notations:

gosch(X ,zy,75) ={f :f :(X ,71,75) = (X ,71,75) Iis apairwise
g osc —homeomorphism}

Theorem 5.13. (a) The set ggsch(X \T1,Tp) is a group which contains
h(X ,z,7,) as its subgroup.

(b) If £ :(X 71,70) > ,01,07) is a pairwise gosc —homeomorphism,
then f induces an isomorphism from the group ggsch(X ,zy,7,) Onto
gosch(Y ,oq9,05)-

Proof: (a) A binary operation

w:gosch(X ,zy,7,)xgdsch(X ,z;,7,) = gdsch(X ,z,7,) is well defined
by u(a,b) =b oa (the composition) for any a,b e g Ssch (X T, Tp)- Then, it
is shown that g gsch (X 71, T5) is group with binary operation . Every
homeomorphism is both pairwise continuous and jj —5— semiclosed. By
Theorem 5.8, every pairwise homeomorphism is pairwise ggsc —
homeomorphism. Therefore it is shown that h(X ,z;,z,) is a subgroup of
gosch(X ,79,75) -

(b)The isomorphism f,.: g Ssch(X 71, Tp) = gsch(Y ,01,05) is induced
from f by f,=f opof 1 for every pegdsch(X ,r,7,) by usual
argument (the argument obtained in group theory).
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